As one of the most popular non-contact shape measurement methods, phase shift profilometry has been studied for many decades and has found applications in both the scientific and industrial world. However, its measurement accuracy and noise resistance ability are still widely researched topics. In this paper, a method to determine the phase map by calculating the phases from multiple high carrier frequencies is proposed for phase shift profilometry to measure the object's shape. Four-shifted phases are well designed to yield a closed-form solution, and a combination of the computation results from multiple high frequencies can suppress the prevalent noise effectively. Calibration methods are also introduced for practical implementation. A moving kernel filter calculated from the maximum likelihood estimation is used to suppress the noise further. The experimental results verified the effectiveness of the proposed methods.
Introduction
The scientific and industrial worlds both require the measurement of the objects' surfaces with arbitrary shapes, which push forward the development of non-contact shape measurement techniques including structured light methods, the stereo vision method and shape from shading methods. In this paper, we divide the non-contact shape measurement techniques into two categories based on the reflective characteristics of the surface, techniques to measure the mirror-like reflective surfaces [1] [2] [3] [4] [5] [6] [7] [8] [9] and techniques to measure the diffuse surfaces . The structured light methods are superior to other methods in measuring both kinds of surfaces due to their nonambiguously calculated depth. In [1] and [2] , a structured light method is proposed to measure the mirror shape with the closed-form solutions; it can also measure the dynamic mirror shape because of its one-shot reconstruction principle. Thus, it is significantly more accurate than other mirror measurement methods [3] [4] [5] [6] [7] [8] [9] . Similarly, the structured light methods (phase shift profilometry) introduced in [19] [20] [21] [22] [23] [24] [25] achieved an accurate measurement with closed-form solutions by means of well-designed shifted values. Thus, they are significantly more accurate than stereo vision methods [10] [11] [12] [13] [14] for the measurement of the diffuse surface. They are also advantageous over other structured light methods, e.g. light stripe [26] [27] [28] [29] , binary bar [30] or gray code [31] , with higher resolution and less pattern projections. In this paper, we aim to increase the measurement accuracy of phase shift profilometry and propose to combine the computed phases from multiple high carrier frequencies. We design a moving kernel filter to suppress the noise of the reconstructed surface. Our experimental results verified that computation of the phase from multiple high frequencies can suppress the prevalent noise effectively and increase reconstruction accuracy. This paper is organized as follows: section 2 describes the principle of phase shift profilometry and then discusses the advantage of computing the phase from a high frequency over computing the phase from the low frequency. Finally, we propose computing the phase from multiple high frequencies instead of one high frequency, as done by previous researchers. Section 3 describes the details of the practical calibration, and section 4 describes the lens distortion calibration. In section 5, a moving kernel filter calculated from the maximum likelihood estimation is proposed to improve the reconstruction results further. The experimental results are shown in section 6, and discussions are given in section 7.
Finally, conclusions are drawn in section 8, and our future work is also described.
Principle of phase shift profilometry
Various researchers write the equations of phase shift profilometry in their preferred formats, and some researchers even refer to phase shift profilometry as phase measurement profilometry. We prefer the concise format in [16] [17] [18] , which is formulated as:
i 0 where I 0 is the intensity image, γ is the modulation of the interference fringes, and φ is the phase. With the minimum of three phase shifts, α 1 , α 2 , α 3 , these three unknowns can be solved by least square estimation [16] .
To be more accurate, the phase shifted value α i was chosen carefully by different researchers [19] [20] [21] [22] [23] [24] [25] to yield a closed-form solution for phase φ. In this paper, we adopt the same phase-shifted values, 0,
, as adopted in [19] [20] [21] [22] . By substituting these four-shifted values into equation 1, we get the following equations: As can be seen, the range of the scanned object varies from 0 to 1 if equation 6 is used directly and no high frequency is used. On the other hand, the range of the scanned object is divided into 30 parts, and each part varies from 0 to 1 when the carrier frequency is 30. It is straightforward that the computation is less sensitive to noise when the pattern is divided into 30 parts, which is validated in [22] .
For another practical reason, the closed-form solution could not guarantee a robust measurement due to the prevalent noise. Hence, the shifted phase values can be coupled with different frequencies [21] [22] [23] to produce more patterns and, accordingly, obtain multiple calculations of equation 6 . The combination of φ in the time sequence from different frequencies yields a better result. In [21] , the computation of the phase from a high frequency is used directly. In [22] and [23] , the phase is computed from a low frequency first; then, it is used as a constraint to compute the phase from a high frequency unambiguously, and the final phase is also computed from one high frequency. Contrary to [21] [22] [23] , we compute the phases from multiple high frequencies and then use the average as the final phase.
After φ is determined, the mapping between φ and the depth is determined by calibration.
Three-dimensional calibration
Calibration is very critical for the accuracy of all non-contact shape measurement techniques. The calibration grids need to be designed specifically by considering the size of the target object. In contrast, the calibration algorithm usually remains the same, and [21] [22] [23] describe a popular calibration method, which uses the singular value decomposition (SVD) to acquire the parameters of perspective matrix M wc and M wp for the camera and projector, respectively. For the established system, the projected pattern is always homogenetic in the x direction and varies in the y direction. Thus, only the y coordinate y p of the projector is useful for calculating the distortion information, and it is formulated as:
The perspective relationship of y p and the world coor-
w w w can be represented as: As can be seen, there are 20 unknowns, and at least 7 calibration points ( )
w w w are needed for the least square estimation or singular value decomposition. In the practical implementation, we use many more calibration points to achieve better accuracy.
Lens distortion calibration
Since the camera calibration has already been incorporated in the above 3D calibration, only the projector needs to be calibrated independently to rectify the lens distortion. We use the popular radial distortion model to calibrate the projector.
where x y ( , ) u u is the undistorted point, and x y
… are the unknown parameters that need to be determined by calibration. For the practical implementation, we use the computer to generate the chessboard squares and project them onto the printed chessboard squares. By varying the value of K 1 , K 2 ,…, we find the best match between the projected and printed squares. Since the distortion is mainly determined by the low order parameter K , 1 and the incorporation of K 2 makes the calibration much slower, usually only K 1 is kept in practical applications.
Three-dimensional filtering
For the reconstructed 3D data points, noises are still prevalent. A three-dimensional moving kernel filter based on the maximum likelihood estimation is thus designed to smooth the reconstructed surface. For the nth point ( ) w , and it is formulated as follows:
where σ 2 is a constant, and r n is the distance of the nth point to the kernel's center; it is computed as: Suppose that there are N points in the kernel; then, all of the weighting coefficients can be written as a diagonal matrix:
The error function is defined as:
where  Z n w is the fitted value and is defined as: Equation 21 can be written in the matrix format as: By substitute equations 24 and 25 into equation 23 , we obtain its expansion as:
To find ̲ a that makes the error function ε minimum, we differentiate the error function ε with respect to the coefficients ̲ a and make it zero:
The solution of equation 25 is:
T T 1
After the coefficient matrix ̲ a is known, the z coordinate of the center point of the kernel is replaced by the fitted value. For practical implementation, the kernel size determines how smooth the reconstructed surface can be. The larger the kernel size, the smoother the reconstructed surface. However, a kernel that is too large in size may eliminate some highfrequency surface details and greatly increase the computation complexity. Thus, it should be chosen carefully. Figure 1 shows the illustration of the structured light scanning system in which a ball is the scanning object that distorts the projected phase shift pattern. θ denotes the angle between the optical axis of the camera and the optical axis of the projector.
Experimental results
We developed two different scanning systems based on the actual sizes of the scanned objects. We choose = M 5 with five high frequencies as 1, 12, 24, 36 and 48. The smaller scanning system is used for plate scanning and consists of a BENQ DX550 projector and a PULNIX TMC-7 monochrome camera connected with a DT-3120 frame grabber card. The optical axis of the projector is vertical to the reference horizontal plane whose normal forms a 20 degree angle with the optical axis of the camera. In addition, the optical axes of the projector and camera are in the same plane. We use the 28 points on the calibration grid to calculate M wc as [0. . For the system measurement accuracy, the computed least square error for these 32 calibration points is 0.85 mm after filtering with a 25 × 25 kernel and 0.91 mm without maximum likelihood filtering. There is about a 6.6% accuracy improvement.
For the visual results, we show the face of the author in figures 3 and 4; in these figures, we show the reconstructed face of the author with different kernel sizes to verify the effectiveness of the moving kernel filter. As can be seen, the reconstructed face becomes increasingly smoother as the kernel size increases. A thorough test of the kernel size indicates that 25 is an optimum size for the scanned faces.
From all of these reconstruction results, we conclude that the proposed methods are effective for a robust measurement of static and diffuse surfaces.
Discussion
The measurement principle of structured light methods is to find the distortion caused by the depth and establish the mapping between the distortion and the depth. Hence, all of the validated structured light methods can establish unambiguous mapping between the distortion and the depth. For the phase shift profilometry [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] , the distortion is coupled by the change of the phase value. For the light stripe, binary bar and gray code methods [26] [27] [28] [29] [30] [31] , the distortion is coupled by the change of the y coordinates of the stripes or bars. Because of the unambiguous mapping, the structured light method is more accurate than other non-contact measurement methods, e.g. stereo vision [10] [11] [12] [13] [14] . As the most popular structured light method, phase shift profilometry has been adopted for practical applications in both the scientific and industrial world. In the past decade, many efforts were put into increasing its measurement accuracy. An effective way to achieve robust measurement is to utilize the calculated phase with the high frequency [21] [22] [23] . In this paper, we propose generating the phase map by averaging the calculated phases from multiple high frequencies, which would thus yield a more robust result than [21] , which uses multiple high frequencies only as a constraint for unwrap and is more robust than [22] and [23] , which only use one high frequency to calculate the phase map.
Many applications require the measurement of a dynamic surface, e.g. a moving object and a welding pool during welding. For the measurement of the dynamic diffuse surface, structured light methods with multiple projections would not work because the surface is always changing. The phase shift profilometry only works in theory with the RGB channels to acquire the minimum three shifts. However, it is almost impossible to separate the captured RGB phase pattern into three independent phase patterns in reality. Many researchers [26] [27] [28] [29] [30] [32] [33] [34] [35] , have claimed that their one-shot method is capable of measuring the shape of a dynamic and diffuse surface. Among them [32] [33] [34] , tried to modulate the fourshifted phase patterns into one composite pattern and wished to obtain the distortion information from the demodulated patterns. According to the modulation theorem, the digital data (phase pattern) can be encoded and transmitted via a carrier wave. However, it is not proved that the modulated data can capture and reflect the external information during its transmission or modulation. In contrast, it is well known that the modulated data can be easily corrupted by noise during transmission. In [35] , the authors also claimed that they achieved a robust one-shot measurement by a simple RGB to HSI model transformation. However, no theory or proof indicates that the well-designed phase pattern is related with the famous HSI color model in obtaining the distortion information caused by the depth.
For the one-shot methods proposed in [26] [27] [28] [29] , the distortion and depth relevance is obvious and non-ambiguous. However, none of them could overcome the problem of the low resolution of the reconstructed surface, which also exists in [1] and [2] for the robust mirror-shape measurement with closed-form solutions. One main difference between a mirror surface and a diffusive surface is that the mirror surface is usually simple and smooth, while the diffuse surface is more complex. Hence, the reconstructed low-resolution mirror can be easily improved by polynomial interpolation, which can also be used by [26] [27] [28] [29] to reconstruct diffuse surfaces with smooth and simple shapes.
In the previous research work, we have tried to establish the mapping between the proposed phase shift profilometry with multiple high frequencies and the light stripe method, and we wished to achieve an accurate one-shot reconstruction by a lock and hold method. The lock process establishes the mapping between the phase map computed by phase shift profilometry and the phase map computed by the light stripe method. The hold process tracks the phase map with a one shot of light stripe pattern. Unfortunately, only an ambiguous estimation instead of an accurate measurement could be achieved. We believe that the one-shot with multiple stripes structured light methods proposed in [26] [27] [28] [29] can be combined with stereo vision to achieve a robust measurement; thus, it is one of our future research directions.
Conclusion and future work
Based on the study of this paper, the following conclusions are drawn: 1) phase shift profilometry could achieve the closed-form solution with well-designed shifted phase values; 2) a high carrier frequency divides the scanned surface into multiple regions with the same phase range and thus increases the noise resistance ability of the phase calculation in practical implementation; 3) a combination of the calculated phase from different high frequencies in the time sequence could suppress the prevalent noise effectively; 4) a moving kernel filter calculated from a maximum likelihood estimation could improve the reconstruction results further; 5) all of the validated structured light methods could establish a mapping between the distortion and the depth.
Our future work includes but is not limited to: 1) combining phase shift profilometry and color stripes to measure dynamic diffuse surfaces; 2) combining stereo vision and bright stripes to measure dynamic diffuse surfaces. 
